Parabolic concentrator mirrors are an important component of many solar energy systems, particularly solar mirror collectors.
INTRODUCTION

Background
Solar mirror collectors are a major subsystem of many solar energy systems, particularly for solar thermal generators [1] . Large thermal systems may use many collectors covering large sites [2] , see Fig. 1 . Collectors generally consist of concentrating parabolic mirrors, an absorber tube and a supporting structure, which is often equipped with a solar tacking mechanism.
They are called parabolic trough collectors (PTCs) [2] , see Fig. 2 .
The parabolic shaped mirror (reflector) focuses the sunlight onto a linear tube located at the mirror's focal line that contains a working fluid that absorbs the solar energy and carries it to some thermal plant, such as a Rankine or a Sterling heat engine [3] . The mirror is usually supported by a structure that often contains an active tracking mechanism that keeps the mirror pointed towards the sun, see Fig. 2 .
Fig. 2: Schematic of Solar Trough Collector [4]
The mirror shape must be precise enough to insure that the reflected sunlight is focused on the absorber tube. There are important practical reasons to keep the absorber tube small, such as cost, thermal radiation and convection losses [5] .
Mirror precision is important and conventional methods to fabricate precision parabolic mirrors are complex and costly. The reflectivity of the surface materials is an important factor in the optical efficiency. In solar energy applications, back silvered glass plates, anodized aluminum sheets and aluminized plastic films serve as reflectors. They are widely commercially available [6] [7] [8] . Films are usually adhered to a supporting material such as aluminum [9] . However the supporting material must be held with a precision parabolic shape by some supporting structures.
Parabolic dies or precision milled mirrors are usually required for these solar concentrators. However, they are often heavy and complex, which makes them unsuitable for rapidly deployable and portable systems. Moreover, their shape cannot be adjusted in real-time to compensate for thermal variations, etc. [10, 11] .
Many future solar power plants will use very large numbers of parabolic mirror collectors, see Figure 1 . Hence, methods to design precision parabolic mirrors at relative low cost, such as the one discussed in this paper, are potentially of great commercial importance [12] [13] [14] .
In our past work, we have used distributed forces to form parabolas from simple circular shapes. While this approach can achieve the desired result, it requires a large number of forces to achieve a smooth parabolic shape, and the implementation of the applied forces in the real system is very complex. A complete discussion of this work is beyond the scope of this paper, and the reader is referred to [15] for further details. Hence a new approach that is simpler to implement is presented in this paper.
Approach and Summary
The new approach presented in this paper for designing and fabricating precision parabolic mirrors consists of a thin flat very flexible metal sheet with a highly reflective surface and a -backbone‖ band attached to its rear surface. The figure of the -backbone‖ band is optimized to form the sheet into a precision parabola when the two ends of the band are pulled toward each other by a predetermined amount. This can be achieved using a simple spacer rod or an active position control system when high precision requires real-time adjustment, see Fig. 3 (a). Copyright © 2011 by ASME 3
Here, an analytical model is used to optimize the band's shape after it is deformed so that it is parabolic. The band is cut from a flat plate with a stiffness that is substantially higher than the mirror sheet.
Rather than optimizing the band stiffness by varying its width, its thickness, t(s), can also be optimized to achieve the desired shape. In some designs it may be desirable to vary both the band's thickness t(s) and width b(s) on the initial flat band. Moreover, the bands can also be optimized by punching holes on uniform width bands in approximately continuous patterns. However, this could create stress concentration problems in areas near the holes. In general, varying the thickness, t(s), or punching holes, would be a more costly manufacture than a uniform thickness band.
For this reason, we focus in this paper on varying-width algorithms.
The backbone-band concept's validity is demonstrated in this paper by Finite Element Analysis and by laboratory experiments. In the experiments, mirror bands of various profiles are fabricated and tested in the laboratory using a collimated light source (that emulates direct sunlight) and outdoors in natural sunlight.
Our studies suggest that this concept would permit essentially flat mirror elements to be easily fabricated and efficiently packaged and shipped to field sites and then assembled into the parabolic mirrors for mirror solar collectors with potentially substantial cost reductions over current technologies. 
EULER-BERNOULLI BEAM MODEL
Here a model of a flat band that will form a desired parabolic shape by moving its two ends toward each other to a given distance, L, is presented, see Fig. 3 (a) . It is assumed that by proper selection of the bending stiffness EI(s) of the band as a function of the distance, s, along its length a parabolic shape results when the band is deformed, where I(s) is the second moment of area of the band and E(s) is the modulus of elasticity of the band material.
For the analytical derivations, the following assumptions are made:
-The thickness t(s) is much smaller than the length S of the band, so while the deflection is large (rotation and displacement), the shear stresses are small and hence Euler-Bernoulli beam equations can be used.  -The final distance L (parabolic chord length) between the two band ends is specified, and the rim angle of the desired parabola is given as θ, see Fig. 3 (c).
-The end deflection is achieved by the application of forces, F, during assembly and held in place by spacer rods, or an active control system.
Geometric Equations
If the focal length of the parabolic mirror is f, then the desired shape of the deformed band is given by the well-known relationship, see Fig. 3 (c):
The depth d of the parabola can be calculated as:
Considering the energy efficiency of the mirror, a shallow parabola is selected, hence d ≤ f. The rim angle θ of the parabola is given by:
and the arc length s given by:
Copyright © 2011 by ASME 4 where u is a dummy integration variable along the longitudinal direction of the beam. Hence the initial flat band length S is given by:
Band Bending Equations
Based on the above assumptions, Euler-Bernoulli beam theory applies, and the deflection of the beam are governed by [16] :
where M(s) is the bending moment on the band, () s  is the rotation of band surface normal, and κ(s) is the curvature of the final band shape, see Fig. 4 . The curvature of the parabola κ(s) is given by:
From Equation (6), I(s) is obtained as:
With the thickness t(s) and width b(s) varying with length s, the second moment of area I(s) for a rectangular cross section is given by:
As shown in Fig. 3 (c) , the bending moment in the band can be calculated as a function of x as:
Thus, the bending moment along the band length s is governed by:
2.3 Cross-Section Shaping for Achieving a
Parabolic-Bended Band
It is well-known that loading a band with collinear external forces does not result in a parabolic shape. However, it is possible to shape the band's cross section to form a parabola shape when its ends are pulled together by horizontal forces.
In this process, it will be assumed that both the thickness and the bending stiffness of the thin mirror sheet are much smaller than the corresponding quantities of the band. In these cases, the shape can be tuned to a parabola by varying the band's thickness t(s), its width b(s) or both as a function of s, see Fig. 3 (b) (c) . More general situations with non-negligible mirror sheet stiffness and/or bending stiffness can be considered by applying the Finite Element optimization method described in section 4.
In this paper, the change of the width as a function of s, b(s), with the band's thickness, t, held constant is regarded, see Fig. 5 . In this case, the band width is:
After substituting Equations (7), (8) and (11) into Equation (12), the ideal band width is obtained as the explicit solution: In this equation, the horizontal force, F, as well as the lever, h, is an input parameter that can be freely chosen by the designer. For example, a large spanning force, F, will result in broader bands, while small forces F will produce slim bands. In this paper, we chose F and h such that the ends of a rectangular band of given width, thickness and Young's modulus are deflected to the final points of the parabola shape.
Such a design can be easily manufactured, as shown below.
Clearly it is possible to vary the band thickness, or to combine the two approaches by varying both thickness and Copyright © 2011 by ASME 5 width. This might be done when other design constrains need to be met.
The bands can also be optimized by punching holes on uniform width and thickness bands in approximately continuous patterns. However, the holes will produce a stress concentration problem. In addition, it is clear that similar results can be achieved by varying the material properties as a function of s, though this does present some significant manufacturing challenges.
MIRROR PERFORMANCE ANALYSIS
For this analysis, it is assumed that the mirrors are actively tracking the sun. In this case, the sunlight will be parallel to the axis of the parabola. The objective is to calculate the distance of the reflections of the rays from the focal point where the absorber tube will be mounted. The focal error, ε, is defined as the distance from the focal point to a reflection ray, see Fig. 6 . This error determines the diameter of the absorber tube for the mirror to insure that all the solar energy intersects the absorber tube. Other metrics can be developed such as the percent of the energy that falls on a given absorber tube. The discussion of these metrics is beyond the scope of this paper.
Ray Focal Point Focal Error ε
Normal Mirror
Fig. 6: Definition of Focal Error
Assuming small variations from the ideal parabolic profile, the focal error can be determined as follows (see Fig. 7 ). 
2(φ+δφ) f Z0
Fig. 7: Focal Error Analysis
For an arbitrary ray at horizontal position x, assume that the position error of the actual deformed shape is δz, and that the angular error of the surface normal is  . Then    is the angle between the surface normal and the reflection ray. Taking Z as the vertical coordinate of the ideal parabola and X, Y as the running coordinates of the reflection ray, one obtains:
When X=0, Z 0 is obtained as:
The focal error is then obtained as:
As it can be seen, the focal error is positive when the reflected ray passes below the focal point and negative when it passes above the focal point.
The maximal focal error ε max is defined as the maximum of the absolute values of the focal errors for all rays entering the mirror's aperture.
The performance of solar concentrators is often expressed in terms of their ability to concentrate collimated light, called concentration ratio, C, as a function of the chord length, L, and the focal diameter, d F , 100% of light entering the mirror to reach the absorber tube.
Here, for a given chord length, L, the maximum focal error, ε max , is chosen as a power precision performance metric.
FEA SHAPE OPTIMIZATION
The analytical Euler-Bernoulli beam model shows the feasibility of the band-shaping approach for relative simple cases. A more general approach, suitable also for the treatment of more involved cases (e.g. non-negligible bending stiffness of mirror sheet), is to perform a numerical shape optimization procedure based on Finite Element Analysis (FEA), as discussed below.
The objective of the optimization is to minimize the maximum focal error by varying I(s):
In order to find the optimal profile I(s), we describe it via a finite Fourier series expansion: 
where only even terms need to be regarded as the function I(s) is symmetric with respect to s. The optimization task is to find the optimal coefficients Copyright © 2011 by ASME 6
such that when multiplied with the spatial shape vector:
the resulting area moment of inertia ( ) ( ) ss  I AB
will minimize the maximal focal error ε max obtained after performing the corresponding FEA computation and evaluating the focal errors from the resulting bended band. This task corresponds to an unconstrained optimization problem with design variables A and cost function ε max , for which several well-known solution schemes exist. We chose here to apply an exact Newton search in which at each optimization step the Jacobian is computed by repeated evaluations of the FEA analysis for small variations of each of the coefficients in A and the corresponding next estimate of A (i) is computed such that the linear approximation of the maximal focal error vanishes.
A CASE STUDY
In this case study, a parabolic band based on varying width is presented. The optimization is obtained using both the analytical formulation in section 2 and the Finite Element based numerical optimization method in section 4. In this case, the rim angle θ is taken as180°. Hence d is equal to f and L is equal to 4f.
Analytical Band
Using the given parameters and Equation (13), the band width as a function of s is:
With the parameters in Table 1 , the analytical shape shown in Fig. 11 is obtained. [17] [18] [19] . Fig. 8 shows the boundary conditions and the force and moment loading of the FEA analysis. The band is modeled as a shell bending problem. As shown in Fig. 9 , U 1 , U 2 and U 3 are the translations about x, y and z axes, θ 1 and θ 2 are the rotations about x and y axes. The sign -√‖ means the degree of freedom is active and --‖ means it is fixed. Boundary conditions are shown at points B and C. The rotation about z axis is fixed for the whole model. In the model, it is assumed that the deformation is large and that strains are small, and that no plastic deformation occurs. The horizontal force F and the moment M 0 , which is equal to Fh, are divided into two halves and applied as concentrated forces at the two end nodes. The loads were incrementally increased to the final value in 8 steps.
The figure also shows the deflection and the stress distribution. The maximum equivalent Mises stress is 348.52 MPa (50536 psi in Fig. 9 ), which is below the yield stress of 1050 MPa for the chosen material.
Fig. 9: Analytical Optimized Band FEA Results
To evaluate the precision of the result, ray tracing using the FEA deformed shape of the mirror was carried out, see Fig. 10 . Assuming collimated rays entering the mirror along the axis of the parabola, the reflected rays are traced based on the normal rotations ϕ(s) and displacements [x(s) z(s)] from the FEA results.
Copyright © 2011 by ASME 7 The focal error is calculated using Equation (16) . The resulting maximum error, ε max , for the analytically shaped band was 1.85 mm. This means the diameter of the absorber tube, d F , should be at least 3.70 mm if 100% of the energy is to be absorbed.
FEA Optimized Band
The FEA results show that the band based on the analytical formulation is not a perfect parabola. A FEA optimized band was calculated using the shape optimization method from section 4. As initial guess, a rectangular band with width, b, 76.2 mm (3.0 inches) and thickness, t, is 0.7937 mm (1/32 inch) was employed. The first 5 terms of the Fourier series were used, thus in Equation (21), N is equal to 5 for this case. The optimization procedure converged after 9 iterations with a termination condition of 10 -4 for the magnitude of the increment ΔA of the design parameter vector. Fig. 11 shows the band width b(s) as a function of band length s for the optimized FEA and the analytical optimized results. It can be seen that the numerical FEA approach converges to a similar shape as the analytical approach. The ray tracing for the FEA optimized band is shown in Fig. 12 . The maximum focal error is 0.38 mm, approximately a factor of five smaller than the idealized analytical result. 
Comparison with a Rectangular Band
In order to assess the improvement of solar energy collection properties of the shape-optimized band and a simple rectangular band, a FEA analysis of a rectangular band was carried out. The results shows that the maximal focal error of the optimized band is a factor of 10 smaller than that of the rectangular band, see Fig. 13 . 
EXPERIMENTAL VALIDATION
The results of the previous optimization were validated experimentally.
Experimental System
The experimental system consists of two main components: a flexible mirror with varying-width backbone band and a collimated light source consisting of a parabolic dish with an LED light source at its focal point and an absorber located on the mirror's focal line, see Two locking blocks are used to construct the mirror's chord length, L, to its desired value. The concentration absorber was made from a semitransparent white plastic plate with the dimensions 1.5 × 26 inches.
The FEA optimized band was cut from a piece of 0.7937 mm (1/32 inch) spring steel sheet using a water jet cutter with tolerance ±0.0254 mm (±1/1000 inch). Fig. 15 shows the backbone band with optimized width and a simple rectangular band. 
Experimental Results
Fig . 16 shows the band mirror concentrating sunlight. A wire is used to fix the chord length, L, and a black plastic absorber was placed at the focal line of the band. The width of the focal area is less than 3 mm for 100% energy to be collected. The plastic absorber was quickly burnt by the concentrated light. The concentration ratio of the optimized band, C, is about 154.8 under sunlight. The result is much higher than those achieved by most current industrial parabolic mirror solar concentrators.
For comparison, the non-optimized rectangular band (see Fig. 15 ) had about 5 mm focal width with only about 90% energy collected. It was not possible to measure the focal width of 100% collection as the image was outside of the measurement limits. The focal width of the optimized band is 4.6 mm measured in the laboratory for 100% of the rays collected. The rectangular band focal width is 10.3 mm with about 90% rays collected.
Parabolic Shape Measurement
The parabolic shape of the deformed band was measured in two ways, an edge finder on a CNC milling machine and an optical method.
However, since the band was thin and thus highly compliant, the edge finger induced deformation errors that made the measurements unfit for focal error determination.
Thus, the optical method, in which no physical contact is made with the band, was further pursued. In this method, a photograph of the band on the vertical direction was taken and converted into a monochrome image (black and white). The threshold figure yields a high contrast black and white digital image. This image was then fitted with a high degree polynomial function and thus yielded a shape that closely matched the predicted contour.
As before, the shape was used as the ray tracing algorithm, see Fig. 17 . The focal error was obtained, see Fig. 18 . Note that any measured rigid body rotations and translations of the mirror shape in Fig. 18 due to calibration issues have been eliminated from the results shown. The maximum focal error is small, 0.72 mm, compared with 6.41 mm of the rectangular band. 
RESULTS AND CONCLUSIONS
In this paper the design and manufacture of a simple and low cost precision parabolic mirror solar concentrator with an optimized profile backbone band is presented. The band is optimally shaped so that it forms a parabola when its ends are pulled together to a known distance. It could be fabricated and shipped flat and onsite its ends would be pulled together to distance by a wire, or rod, or actively controlled with a simple control system. Varying width of the band as a function of its length appears to be the most cost-effective way to fabricate the band. A method for calculating the optimized profile band is presented using an analytical model and Finite Element Analysis. The backbone band was experimentally evaluated using the metric of the maximum focal error and focal width. The experimental results showed a factor of 10 improvement in the performance of optimized band compared to a simple rectangular band.
We expect that this approach would be a cost-effective and simple technology for the design and fabrication of high precision parabolic mirror solar concentrators for solar energy applications.
